ABSTRACT. Uniform dispersion of carbon nanotubes (CNTs) is a key issue for utilization of their reinforcement potential in CNT-reinforced metal matrix nanocomposites (MMNCs). It was reported that CNT clusters often exist in MMNCs prepared by various techniques, which reduces the load transfer efficiency between the matrix and reinforcement. In this paper, a new micromechanical constitutive model of CNT-reinforced MMNCs is developed, which takes into account of the influences of CNT clusters and misorientations. The strength values of a CNT/Al nanocomposite predicted by the new model are compared first with experimental data for validation. Then, the developed model is applied to predict the size effect, temperature effect and strain rate effect of the nanocomposite in its overall elastoplastic response.
INTRODUCTION
n recent years, it has been reported that incorporating carbon nanotubes (CNTs) into polymers [1] [2] [3] , ceramics and metals [4] [5] [6] [7] can dramatically improve their mechanical properties. This is due to the high strength; high Young's modulus and super thermal conductivity of CNTs. Metal matrix nanocomposites (MMNCs) reinforced with CNTs have enhanced yield strength and a low thermal expansion coefficient, which render them substantial potential in some weight sensitive applications such as aerospace structures [8] . Yang et al. [9] demonstrated that the yield strength of a 1.5 wt. % CNT/Al nanocomposite produced by an improved chemical vapor deposition (CVD) is 2.2 times that of the pure aluminum, while the result obtained in compression tests [10] is not so high due to different preparation technique of the sample. Kim et al. [11] showed that the measured tensile strength of CNT/Cu nanocomposite with 10 vol. % CNTs is 281MPa, which is approximately 1.6 times higher than that of unreinforced pure copper. Li et al. [12] made CNTnanocrystalline Cu nanoacomposite using ball-milling and high-pressure torsion consolidation, which has very high yield strength of 1100 MPa at 1 wt% CNT addition. Thus, CNTs can be an ideal reinforcement for material design to improve mechanical properties of composites. The high aspect ratio of length to diameter of curved CNTs makes them prone to entangle with each other resulting in clustering in matrix, and consequently difficult to be uniformly dispersed in matrix. To solve this problem, various preparation techniques have been employed to achieve a more uniform distribution of CNTs in MMNCs so as to realize I their full strengthening potential. However, agglomeration and imperfect interfacial load transfer of CNTs still often exist in these composites. To facilitate the applications of CNT-reinforced metal matrix nanocomposites, it is essential to develop a reliable micromechanical constitutive model that can be used to describe and predict their mechanical properties. Some modeling efforts have been made to describe the mechanical properties of the CNT-reinforced nanocomposites. Courtney [13] established a classic model for short-fiber-reinforced plastic-matrix composites by introducing the effect of the aspect ratio into the basic role-of-mixture model, which can be applicable to CNT-reinforced nanocomposites. Based on the generalized shear-lag model [14] for metal matrix composites with reinforcement in cylindrical forms, Kim et al. [11] proposed a strength model to describe a two-stage yielding process in the experimental stress-strain curves of the CNT/Cu nanocomposites, and also observed elongated CNT clusters in the microstructure of the composite. Barai and Weng [15] developed a two-scale micromechanical model to make a pioneering analysis of the effect of CNT agglomeration and interface condition on the strength of CNT-reinforced MMNCs. Obviously, it is inevitable that a lot of CNT agglomerations in metallic matrix materials will appear because of easy entanglement of CNTs, especially for those with the high aspect ratio, as observed in [16] [17] [18] . Although there are also some other models proposed for CNT-reinforced polymers matrix nanocomposites [1, 3, 19, 20] , a model with consideration of clustering phenomenon is still lacking. To describe the flow stress and estimate the plastic strength of CNT-reinforced metal matrix composites, a new micromechanical constitutive model, with consideration of the effect of CNT clusters and the influence of CNT misorientation angle, will be proposed in this paper. In the "Modelling of CNT-reinforced MMNCs" section, the cluster effect is introduced into the new model by using the statistically average equivalent length and diameter of CNTs, and the misorientation angle effect is reflected by a definition of an effective load transfer coefficient. In the next section, the model parameters are determined for the CNT/Al nanocomposite by a nonlinear multi-variable global optimization method, i.e., generic algorithm. In the "Results and discussion" section, the new model is experimentally validated, and some important predictions of the model are given and discussed.
MODELLING OF CNT-REINFORCED MMNCS
acroscopically, the CNT reinforced metal matrix nanocomposite is deformed homogeneously, in which the metal matrix is plastic and the CNT fiber is elastic. The MMNCs derive their plasticity from the good plastic behavior of the metallic matrix materials. The flow stress of CNT-reinforced MMNCs during the elastoplastic deformation process can be generally expressed below with the classical rule of mixtures as widely used for two-phase composites [20] :
where c  the flow stress of nanocomposites is, f  is the stress of CNTs at composite failure, m  is the flow stress of the pure matrix material. f v denotes the volume fraction of CNTs. For MMNCs reinforced with discontinuous CNTs, the applied load transfers from the matrix to CNTs along the CNTmatrix interface by the way of shear stress, and interfacial bonding significantly affects the strength of the composite. In order to load high-strength fibers to their maximum strength, the metallic matrix will flow plastically in response to the high shear stress developed. Plastic deformation of a matrix implies that the shear stress at the interface will never go above the matrix shear yield strength. In such a case, the following equation can be derived on a perfect bonding interface based on the equilibrium of forces [13] :   2   4 2
where i y  is the shear yield strength of the interface and fm is the maximum stress in CNTs, l and D are the average length and diameter of primary CNTs, respectively. It can be seen that the maximum stress in CNTs varies with the length of CNTs. If a carbon nanotube is sufficiently long, it should be possible to load the CNT to its breaking stress, fm
by means of load transfer through the metallic matrix flowing plastically around it. That is to say, there exists a critical M length of CNTs, cr l , which is the minimum length necessary to reach fracture for a given CNT diameter. Based on Eq. (2), the critical length of CNTs can be deduced as:
Thermo-Viscoplastic constitutive model of fcc metal matrix materials
For CNT reinforced MMNCs, the reported matrices are mostly the lightweight metal materials such as aluminum, copper, magnesium and their alloys. Although the carbon nanotubes are dispersed in the matrices to enhance their mechanical properties, the matrix materials play the most significant role in the plastic deformation behavior of the CNT reinforced composites. To reasonably describe the plastic deformation behaviors of the composite, a reliable plastic constitutive model should be established for the metallic matrix material. The plastic deformation of metals can be explained as the process of dislocation motion and accumulation under the ratecontrolled and thermally-activated mechanism. In the thermal activation analysis, dislocation motion is resisted by both short-range and long-range barriers. The short-range barriers may be overcome by thermal activation, while the longrange barriers are essentially not related with temperature (i. e. it is athermal). Hence, the flow stress of the metal materials, which is essentially defined by the material resistance to dislocation motion, can be decomposed into two parts:
where m  is the flow stress of the matrix material; ath  is the athermal component of the flow stress reflecting the longrange barriers, while th  is the thermal component of the flow stress reflecting the short-range barriers which depends on the thermal activation. By using the mechanical threshold stress (MTS, denoted as  ) as a reference stress that characterizes the constant structure of a material, the thermal stress can be expressed as:
where ˆt h Giman [21] and the expression of free energy given by Kocks and Ashby [22] , the thermal activation function can be expressed as:
On the other hand, with consideration of the effect of grain size in the flow stress by using the Hall-Petch relationship, the athermal stress can be written as:
where G  is the stress due to initial defect, d is the grain size and k  is a microstructural stress modulus. The athermal stress can be treated as a constant as a whole because the grain size can be measured for a particular matrix. For a face-centered cubic (fcc) matrix (e.g., pure aluminum and its alloys), the thermal component of MTS has been deduced in [23] . Finally, the constitutive model of fcc metal matrix materials was determined as:
where Ŷ is the reference thresholds of the thermal stress; n is strain hardening exponent;
  Compared with the conventional modelling of matrix materials which just adopt the yield strength of the matrix [10, 18] , the new model of matrix materials is a physics-based thermo-viscoplastic constitutive relation that can describe the plastic flow stress of CNT reinforced MMNCs during plastic deformation with consideration of strain rate hardening and temperature softening effects.
Consideration of the misorientation angel of CNTs
Because CNTs are randomly distributed in matrix and are highly curved when dispersed in matrix, the misorientation angle,  , between the loading direction and the nanotube length direction for a CNT always varies along its length. To reflect the influence of misorientation angle of CNTs in the constitutive model, it was assumed that the curved CNTs can be regarded as a chain of multiple straight segments, as shown in Figure 1 . For CNT-reinforced MMNCs fabricated by hot extrusion, an exponential function was proposed as the probability density function of the distribution of misorientation angle [14] :
where B is a constant, and k is a constant dependent on the alignment of CNTs. Now, if the effective strengthening stress of CNTs can be expressed as f   (where   is an effective load transfer coefficient defined with the misorientation distribution function), the basic model of CNT-reinforced MMNCs in Eq. (5) may be improved as one with consideration of the influence of misorientation angle. However, the definition of the load transfer coefficient is always assumed in an empirical approach and lacks physical basis of constitutive modelling. In addition, the average length of the CNTs dispersed in MMNCs is generally less than the critical length, which is estimated as several dozens of micrometers. So the model in Eq. (5) may be not suitable for further modelling of the misorientation angle effect. Therefore, a physically-based model of short fibre-reinforced composites [24] was introduced below, so as to calculate the direct strengthening of CNTs for CNT-reinforced MMNCs with a known distribution of misorientation angle and under the assumption that perfect bonding exists between fibers and the matrix.
For simplicity, an isotropic Poisson's ratio,  , was assumed for the composite. Since CNTs with smaller inclination angles from the loading direction bear larger stresses and break first during tensile loading, we assumed that 0  is a critical inclination angle within which every CNT has been broken, i.e., CNTs with the inclination angle 0  bear a stress equal to their ultimate strength and are just about to break. Then, the stress in a CNT can be derived as [24] 
To obtain the total load, ( ) P  at a specimen cross-section, A , perpendicular to the loading direction, the orientationdensity distribution of CNTs intercepted by the cross-section, ( ) c n  , is also needed and deduced as 
Its maximum value at 0 0   can be considered as the load that CNTs can carry at composite failure. Thus, by substituting Eqs. (12) and (13) into Eq. (14), the strengthening stress (   ) contributed directly by CNTs can be finally integrated as
where (2 ) sin (2 ) 
Model modification with consideration of CNT cluster effect
As seen in Figure 2 , CNTs always agglomerate in the metallic matrix and form a lot of clusters [16] , though various techniques were used to make the dispersion of reinforcement as uniform as possible. This is why the strength of the nanocomposite measured in tests is actually far lower than the prediction of theoretical models. As summarized in the Introduction, most models of CNT reinforced MMNCs were established with the assumption that the CNTs are uniformly distributed in the matrix as shown in Figure 3(a) . However, there exists serious cluster phenomenon of CNTs in general as shown in Fig. 3(b) . Therefore, a modified constitutive model of CNTs reinforced MMNCs with consideration of the cluster effect was specially proposed as follows. It was proved by the experimental observation by Luo et al. [25] that the free-path spacing of CNTs follows a logarithmic normal distribution. And Tyson et al. [26] pointed out that the particle size of clustered CNTs also follows the lognormal distribution, and proved in their experiments that the lognormal distribution has the same mean value and standard deviation as the associated normal distribution. In our modelling, a CNT cluster, which is resulted from a group of intertwined CNTs, was regarded as an equivalent large reinforced particle, the shape of which can be approximately described by an equivalent length ( c l ) and an equivalent diameter ( c D ) as shown in Figure 3(b) . So, the two sizes should follow the lognormal distribution, respectively. Their probability density functions of the lognormal distribution can be written as follows: Since the equivalent length and diameter of CNTs are closely related with the volume fraction of CNTs, l  and D  was assumed to change with the volume fraction. The depending relationship of them on the volume fraction are still unknown, however, they can be evaluated by using the polynomial function interpolation method to numerically fit the real nonlinear curves. Based on the experimental stress-strain curves at four different volume fractions [9] , the cubic spline function was used to match these data points, then l  can be expressed as: 
Finally, by substituting Eqs. (20) (21) (22) (23) into Eq. (15) and then into Eq. (1) together with Eq. (10), we can get the modified micromechanical model of CNT reinforced metal matrix composites to describe their thermo-viscoplastic flow behaviors:
DETERMINATION OF MODEL PARAMETERS
luminum and its alloys are widely used in aerospace and automotive industries because of their good mechanical properties [27] . CNTs can be an ideal reinforcement to design aluminum matrix nanocomposites (CNT/Al) to improve their wear and creep properties. So a typical CNT-reinforced MMNC (CNT/Al) is chosen as the example in this paper.
Determination of model parameters for pure aluminum matrix
As the matrix model is relatively independent to the strengthening component in the composite model, the material parameters in the matrix model in Eq. (10) 
Determination of model parameters for CNT/Al composite
For the CNT/Al composite in [9] , the average original length and diameter of CNTs can be known as 0 . The CNT weight fractions were transformed into volume fractions by using the measured density, and the congruent relationship of weight fractions and volume fractions for CNT/Al was listed in Table 2  ), were determined based on the experimental stress-strain curves of CNT/Al composite [9] at different volume fractions, by using the same optimization method as mentioned above. The physically available ranges of these parameters were ascertained by the cubic spline interpolation curve matching. The optimized constitutive parameters of the CNT/Al composite were finally shown in Table 3 . 
RESULTS AND DISCUSSION
n this section, the new model established and determined for the CNT/Al nanocomposite will be compared with experimental data for validation, and then some of important predictions of the new model will be presented.
Validation of the new model
As shown in Figure 5 , the true stress-strain curves calculated from the proposed new model were compared with the experimental data obtained in compression tests [9] for CNT/Al composite of 0.68 %, 1.88 % and 3.12 % CNT volume concentrations. The curve of 0 % CNT composite namely corresponds to the pure aluminum matrix material. Obviously, the strength of the CNT/Al composite is effectively enhanced by the addition of CNTs at volume fractions of 0.68% and 1.88%. However, the strength of the composite drops at a higher volume concentration of 3.12 %, which should be caused by the presence of too many CNT clusters. It was indicated that the new model can well describe the true stressstrain relation of the composite at different volume fraction, especially at large strain because that the new matrix model has the ability of reflecting the plasticity of composites during large deformation. The dependence of the flow stress of CNT/Al composite on the volume fraction at different strains was shown in Figure  6 so as to validate the new model based on experimental data [9] . It is obvious that there exists an extreme point in the strength of the composite with the variation of volume fraction. For the sample of CNT/Al composite, its strength gets the maximum value at about 2.0 vol.% in experiments, and the model prediction of the maximum strength appears at 2.5 vol.%, showing a certain error with the experimental result but well describing the varying trend of the experimental data I within the whole range of volume fraction. Obviously, the strength of the composite increases with the increasing volume fraction at relatively lower volume fractions, and then begins to drop when the volume fraction exceeds a critical point. The reason for this noticeable phenomenon should be resulted from the cluster effect of CNTs which varies with volume fraction. The number of CNT clusters dramatically goes up at higher volume fraction for a large amount of CNTs tend to entangle in the matrix, which is definitely detrimental to the mechanical properties of the composites. The predictions of the basic model [13] which does not consider the cluster effect as well as misorientation angle were presented in Figure 7 at the volume fractions of 0.68 %, 1.88 % and 3.12 %, so as to demonstrate the correctness of the new model modified. It can be seen that the predicting curves monotonously increase with the increasing volume fraction of CNTs, and that the predictive values at 3.12 vol.% are much higher than those of the experimental results in [9] . This is mainly caused by the ignorance of the cluster effect and imperfect interface influence in the basic model. The interfacial bonding between pure aluminum and CNTs will be weaken due to the agglomeration of CNTs, as a consequence, the effective load transfer between the Al matrix and CNTs will be seriously obstructed on the imperfect interface. Thus, compared with the traditional model, it is obvious that the new model with consideration of the cluster effect can give satisfactory predictions. 
Model predictions and discussion
The dependence of the model prediction of direct strengthening of CNT/Al composite on the average aspect ratio of the primary length to diameter of CNTs ( / l D ) was given in Figure 8 at a strain of 0.04. It can be seen in the figure that the strengthening stress nonlinearly goes up with the increasing aspect ratio. The significant increase in strengthening with increasing length is obvious when the aspect ratio is less than 50 (or CNT length is less than 1 m  at a given CNT diameter of 20 nm). However, the curve tends to an asymptote when the CNT length is greater than 1 m  . In other words, beyond a critical length, the strengthening effect reaches a saturated value, which is consistent with the fact that the clustering of CNTs rapidly increases with increasing aspect ratio. In addition, the strengthening increases with the decreasing CNT diameter at a given CNT length, as found in [15] with perfect bonding interface. The new model's predictions of the dependence of flow stress of the CNT/Al composite on temperature at different volume fractions were presented under quasi-static and dynamic loading and at a strain of 0.04 in Figure 9 . A wide temperature range from low temperature (50K) to high temperature (1000K) was provided for the wide application conditions of MMNCs. When the volume fraction of CNTs is equal to 1.88 %, the flow stress under quasi-static loading descends about 75 MPa from room temperature to high temperature. And the flow stress of the CNT/Al composite under high-strain-rate loading is about 80 MPa higher than that at quasi-static loading. The strain rate sensitivities of the flow stress of the CNT/Al composite at different volume fractions were predicted under room and high temperature and at a strain of 0.04 in Figure 10 . It was indicated that the ascending trend of the flow stress with increasing logarithmic strain rate is basically linear at room temperature and somewhat nonlinear at high temperature. The flow stress of CNT/Al composite will increase about 50-60 MPa from 3 1 10 s   to 3 1 10 s  , with a similar growth ratio to pure aluminum. Thus, the strain rate effect of CNT-reinforced MMNCs during plastic deformation should mainly be reflected in the metal matrix materials. 
CONCLUSIONS
n this paper, we have developed a new micromechanical constitutive model to capture the overall elasto-plastic response of carbon nanotube reinforced metal matrix nanocomposites. The significant influences of CNT clusters and misorientations on the mechanical properties of the nanocomposites were considered in the proposed model. The cluster effect was introduced into the new model by using the statistically-averaged equivalent length and diameter of CNT clusters with a logarithmic normal distribution, and the misorientation angle was considered by using an improved physically-based strength model of short fibre-reinforced composites. For the CNT/Al nanocomposite, the new model was validated by experimental results first, and was also compared with the traditional model without considering the cluster effect. It was demonstrated that the new model is reasonable and reliable. The predictions of the new model of the CNT/Al nanocomposite indicated that the strengthening stress nonlinearly goes up with the increasing aspect ratio of the length to diameter of CNTs and eventually tends to a saturated value. In addition, the flow stress of the composite descends with increasing temperature under quasi-static and dynamic loading, while ascends with the increasing logarithmic strain rate basically linearly at room temperature and somewhat nonlinearly at high temperature.
